In this paper we demonstrate the formal equivalence of the canonical to the path integration approaches to quantization of gravity in Ashtekar variables coupled to matter fields in four dimensions. First, we outline the problems facing the path integration and canonical approaches to quantization in traditional variables as well as a survey of various efforts to address them, and then illustrate how these problems can be overcome in the Ashtekar variables when applied to a special set of states called the generalized Kodama states. We demonstrate a method to construct these states in direct analogy with the Hartle-Hawking no boundary proposal. The criterion for finiteness of quantum gravity in Ashtekar variables is set by the equivalence of the canonical to the path integral approach unlike in traditional variables where it is set by perturbative renormalizability. The implication of our work is the convergence and finiteness of the path integral representation for quantum gravity in the full theory subject to finiteness of the canonically determined state itself. We hypothesize regarding the implication of general relativity in Ashtekar variables as a nonperturbatively renormalizable theory with a good semiclassical limit by way of this equivalence, provided that the generalized Kodama states can be shown to be finite by explicit construction. Finally, we illustrate how the existence of generalized Kodama states could be utilized to address our interpretation of the problem of time in quantum gravity.
Introduction
In this paper we examine the generalized Kodama states Ψ GKod from the perspective of the path integration approach to quantization, as one of the future directions from [1] . It has been shown in this work that the reduced phase space, canonical (Dirac), geometric and reduced phase space quantization procedures for the full theory coupled to matter fields have unambiguously produced the same quantum state for a special class of states, generalized Kodama states Ψ GKod , which satisfy the principle of the semiclassicalquantum correspondence (SQC) . It remains to demonstrate that the same is true of the path integration approach to quantization which would signify the following advances in quantum gravity: (i) The equivalence amongst the aforementioned quantization prescriptions eliminates ambiguities inherent amongst different quantization schemes usually present in typical quantum theories, at least for these specialized states, and (ii) The ability to explicitly construct such states implies finiteness and convergence of the path integral representation of quantum gravity in Ashtekar variables in the full theory, once the canonically determined states are shown to be finite. (iii) If one associates the renormalizability properties of a theory to the well-definedness of the perturbative loop expansion arising from its path integral representation, then one could infer the nonperturbative renormalizability of gravity in Ashtekar varibles. Our interpretation is that the ability to explicitly write the canonically determined wavefunction is tantamount to expressing the effective action of the theory to all orders. (iv) If the arguments in, [1] , [2] and contained references therein hold regarding the viability of a good semiclassical limit for finite quantum gravity, then it would signify that the Ashtekar description of gravity indeed does exhibit a good semiclassical limit which might possibly be testable below the Planck scale.
The pure Kodama state Ψ Kod is clearly shown to be a finite state of quantum gravity with a well-defined semiclassical limit [3] . Therefore once should expect by the arguments presented in [4] for its path integral representation to converge to the state. We demonstrate this feature explicitly in this paper for the pure Kodama state Ψ Kod , and then demonstrate the analogous feature for the generalized Kodama states Ψ GKod .
The format of this paper is as follows: In section 2 we review the canonical quantization of gravity in metric variables and some of the associated issues and unresolved problems. We then suggest in section 3 how the Ashtekar variables could be utilized to resolve many of those issues, when restricted to a special class of quantum states of gravity. Additionally in this section, we highlight some of the work by other authors regarding path integration in Ashtekar variables. In section 4 we review the noboundary proposal for the wavefunction of the universe in metric variables and highlight some of the associated issues within the context of the consistency of the path integration approach in these variables. In section 5 we highlight some of the attempts in the literature to quantize gravity by path integration by utilizing techniques from topological field theory. In section 6 we introduce and derive the wavefunction of the universe in Ashtekar variables, explicitly demonstrating the sequence of transformations that take one from the canonically determined wavefunction into the wavefunction defined by sum over histories. We carry out this demonstration for the pure Kodama states Ψ Kod and also for the generalized Kodama states Ψ GKod . One difference between the two cases is that the presence of matter fields necessitates the introduction of the mixed partials condition, a consistency condition on the quantization procedure which can be implemented by path integral as one of the constraints of quantized general relativity for these particular states. In section 7 we provide our interepretation of the problem of time and show how the problem is dealt with, again for these particular generalized Kodama states. Section 8 is a brief discussion section.
For the purposes of this work we retain all definitions and conventions introduced in [1] , particularly the foliation of spacetime M into spacelike 3-surfaces Σ t labeled by time t, due to the 3+1 decomposition of spacetime M = Σ × R.
Quantization of general relativity in metric variables: a review
Perhaps a logical way to introduce the concepts of this paper is to first outline some of the issues facing the traditional attempts at constructing quantum states for 4-dimensional gravity by canonical methods. One of the first attempts to construct physical states for the quantum theory of gravity stems from the application of the Dirac procedure for constrained systems to a Hamiltonian treatment of general relativity. To illustrate, let us review the Einstein-Hilbert action, with cosmological constant, in metric variables.
where g µν is the 4-metric of spacetime and K ij is the extrinsic curvature of a 3-surface Σ of intrinsic curvature (3) R. The 3+1 decomposition of the Einstein-Hilbert action is given by [5] S
where H and H i are the classical Hamiltonian and diffeomorphism constraints corresponding to N and N i , the lapse function and shift vector, respectively. The Hamiltonian and diffeomorphism constraints are given by
where G ijkl , the metric on superspace, is given by
and the momentum conjugate to the induced 3-metric h ij on Σ, namely π ij , is given by π ij = G ijkl K kl . Upon quantization of the theory in the Schrödinger representation the following replacements are madê
The classical constraints are then promoted to quantum operator constraints which annihilate a wavefunction Ψ[h ij ]. The quantum gravitational wavefunction is a functional of the spatial three-metric living on a particular Σ, hence is a functional of the 3-geometry of Σ. The quantized version of the diffeomorphism constraint readŝ
The quantized version of the Hamiltonian constraint in the Schrödinger representation in metric variables, known as the Wheeler-DeWitt equation, is given bŷ
which is an infinite number of functional differential equations, one for each point x. The Wheeler DeWitt equation is extremely difficult to solve, even for the simplest of cases. When matter fields φ(x), are included, there is a contributionĤ m which augments (7) to
Some of the main difficulties associated with the Wheeler DeWitt equation (8) in metric variables can be summarized as follows: (i) Ordering ambiguities: The momentum operators, which act on the superspace metric G ijkl as well as on the state Ψ, introduce a one-parameter family of ambiguities into the constraint and consequently into the solution. A common choice is the 'Laplacian' ordering, for example in the FriedmanRobertson-Walker universe with scale factor a and scalar field φ ( [5] , [6] , [7] )
In (9) p parametrizes the ordering ambiguity and can take on any numerical value. Operator-ordering ambiguity is an issue whether in the full theory or in minisuperspace.
(ii) Infinities: These are field-theoretical singularities of the form δ (3) (0) in the quantized Hamiltonian constraint, which occur due to double functional derivatives acting at the same point x as a result of the constraint's being quadratic in momenta. Such infinities, if unregularized, can be expected to carry over into the quantum state Ψ, rendering it meaningless, and can also lead to inconsistencies in the Dirac quantization procedure [8] .
(iii) Regularization: Even if the constraint is regularized, there is no guarantee that the resulting quantum state, if it could be found, would be independent of the regularization prescription. Some examples of regularization applied to loop quantum gravity are given in [9] , [10] . The prescription dependence resides generally in the feature that to avoid coincident points one must split the points. For example, in the gravitational kinetic term of the Wheeler-Dewitt operator (7), one may attach a regulator f
where lim x→y f ǫ (x, y) = δ 3 (x−y). Generally, to avoid a singular action on the wavefunction in the ǫ → 0 limit, one must usually rescale the Hamiltonian H by a function of ǫ which leaves behind remnants of the metric used to measure the distance x − y.
(iv) Minisuperspace reduction: A way to avoid the aformentioned infinities is to reduce the degrees of freedom in the basic fields from an infinite to a finite number, thus reducing the problem from field theory to ordinary quantum mechanics. Some valuable insights have been gained from solving the resulting Schrödinger equation for quantum states. Still, it is not clear that the result of reducing the fully quantized theory should be the same, and in simple toy models has been shown to be clearly not. Some valuable insights have ben gained by decomposing the full theory into small perturbations about minisuperspace [12] , [13] . In this approach one writes the three-metric in the form
where Ω ij is the metric on S 3 . The Wheeer-DeWitt equation can be solved exactly in minisuperspace in this case and ǫ ij is a perturbation in the full theory expanded into scalar, vector and tensor spherical harmonics. The coefficients of the harmonics depend only upon time and form the arguments of the wavefunctional Ψ = Ψ[a n , b n , c n , ...], as well as the variables of differentiation in the Wheeler-DeWitt equation.
(v) Scarcity of exact solutions: These exist for only a few special cases, however a reasonable approach is to attempt a perturbative expansion in the parameter G, plugging an Ansatz of the form [14] Ψ
into the Wheeler-deWitt equation 8 and to iteratively determine the coefficients S 0 , S 1 , S 2 , etc, of which there are an infinite number. Only in a few cases has this equation been solved, and, only then, approximately under simplifying assumptions, in the minisuperspace approximation. This is in stark contrast with the equivalent in Ashtekar variables which was solved exactly and in the full theory for a special state. Furthermore, since the expansion parameter of (12) is dimensionful of dimensions G ∼ (l P l ) 2 , where l P l is the Planck length, the series is still in the language of quantum field theory perturbatively nonrenormalizable since the mass dimension of the expansion parameter is negative [G] = −2. The attempt to determine the coefficients of (12) rapidly becomes unwieldy as the resulting equations proliferate in difficulty, typically limiting analysis to the first few terms. This, combined with the dimensionful coupling constant, is a main obstacle to the quantization of gravity in metric variables. Also, note that the matter effects in (12) do not come in until S 0 , a separate order in perturbation theory from the leading order term, S −1 , which contains only gravitational effects. Still, there is some valuable insight to be gained from the coefficients of the formal expansion of (8) for within the first few terms of the semiclassical approximation [15] .
Other methods for constructing wavefunctionals which solve a functional Schrödinger type equation have been applied to field theories as in [16] , which use a Gaussian trial wavefunction as an Ansatz for the vacuum state. This method has been applied in [17] to approximate the ground state for Yang-Mills theory and has been generalized to quantum gravity in works such as [18] , [19] . The basic idea is that as an alternative to solving (7), one formulates the problem in terms of a variation principle, requiring that the expectation value of the energy
whereĤ is the Wheeler-DeWitt operator, be stationary against variations of the trial wavefunctional Ψ[h ij ]. One then chooses a Gaussian trial wavefunctional
for an Ansatz, substituting (14) into (13) and performing the variation to determine the normalization constant N and the kernel K ijkl . This method governs the harmonic approximation for spin 2 gravitons, but in the case of Yang-Mills theory can provide a decent approximation to the ground state energy.
Improvements via the Ashtekar variables
The 3+1 decomposition of the action for general relativity in Ashtekar variables coupled to matter is as well a first class constrained system with Hamiltonian given by a linear combination of constraints. This is given by
The reader is referred to [1] for a detailed illustration of the quantization procedure. For the case of just pure gravity with cosmological term, the state functional Ψ[A] is defined in the Schrödinger representation such that
and the quantum constraints are given by
for the Gauss' law and diffeomorphism constraints, and
for the Hamiltonian constraint. One main difference between the constraints in Ashtekar variables and their metric counterparts is that in the former case the constraints are polynomial in the basic variables. This feature has enabled considerable progress in the quest for a quantization of gravity. The Ashtekar quantization program has enabled the construction of an exact quantum state in the full theory for pure gravity with cosmological term. This state is known as the Kodama state Ψ Kod , discovered by Hideo Kodama [20] . For the pure Kodama state item (i) is addressed due to the special operator ordering with momenta to the left of the coordinates, which allows the nonperturbative construction of this state with closure of the quantum algebra of constraints [21] . Incidentally, any infinities analogous to item (ii) automatically cancel out.
This feature of the cancellation of ultraviolet divergences is related to a special property known as the semiclassical-quantum correspondence (SQC) introduced in [1] . Items (iii), (iv) and (v) are therefore irrelevant for Ψ Kod . However, when matter fields are introduced into the theory the SQC is broken due to the presence of singular quantum terms Gδ (3) (0)q 1 and ( Gδ (3) (0)) 2 q 2 causing features (i) through (v) resurface, even in the Ashtekar variables. But it has been argued in [1] that by choosing the coefficients of the quantum singularities to vanish, such terms can be made to vanish thereby producing a semiclassical state Ψ GKod which at the same time is a quantum state satisfying the Hamiltonian constraint. Furthermore, it is shown in [2] a new method to explicitly construct Ψ GKod as an expansion about Ψ Kod in powers of the dimensionless coupling constant GΛ. This implies that that, unlike in metric variables, the Wheeler DeWitt equation in Ashtekar variables can be solved in the full theory.
A useful way to visualize the method is to think in terms of Maxwell's electromagnetic theory. An electromagnetic wave propagating through the vacuum exhibits a natural self-duality relation between the electric and magnetic fields, given by E = cB, where c is the finite constant speed of light in a vaccum. As the electromagnetic wave encounters a material medium of a given index of refraction, the planes of polarization of the fields may become distorted relative to each other and the wave may experience some dispersion. In order to restore the relative orientation of the electromagnetic field to the maximal extent possible it is necessary to counter the effects of the material medium in some way that effectively transforms the fields.
In the case of quantum gravity in Ashtekar variables, it is the Ashtekar electromagnetic field which becomes distorted from its natural self-duality condition σ i a = −6Λ −1 B i a corresponding to the pure Kodama state Ψ Kod , when matter fields are introduced into the theory. These matter fields play the role of the material medium, and produce highly undesirable singular quantum terms into the Hamiltonian constraint and consequently into the resulting state, reintroducing problems (i) through (v). The crux of the method of [1] is to transform the Ashtekar magnetic field, in the presence of the new matter fields, via the CDJ matrix Ψ ab such as to eliminate these singular quantum terms. The resulting quantum state Ψ GKod should be free of ultraviolet infinities with the SQC maintained to all orders. The net effect, in relation to (12) , is the explicit construction of a fully quantum state of the form
In (19) it appears that the state is exactly semiclassical, being limited to the leading order term. However, this state nonperturbatively contains the information necessary to cancel out all subsequent quantum terms to all orders, and is the analogue of the pure Kodama state for gravity in the presence of matter fields mentioned above. The claim is that this effect might make possible the consistent quantization of four-dimensional gravity with quantized matter fields on the same footing, without the necessity to treat the matter fields as point particles.
The path integral in metric quantum gravity
Another proposal was made by Hartle and Hawking for formally determining wavefunctions for quantum gravity, called the no-boundary proposal [7] . This is based on a combination of the canonical and path integral approaches to quantum gravity and is given by
where the gravitational portion of the path integral is over all 4-metrics g µν throughout the interior of the 4-manifold M with the given 3-metrics and matter fields (h ij (Σ T ), φ(Σ T )) and (h ij (Σ 0 ), φ(Σ 0 )) induced on the spatial 3-boundaries Σ T and Σ 0 . The path integration measure is given by
We have decomposed the path integration measure in (21) in order to separate the gauge (N, N i ) from the physical (h ij , φ) degrees of freedom in view of the fact that they both originated from the same total configuration space (g µν , φ), and to make it more physically clear the sequence of path integration along these variables. One inserts a complete set of orthonormal eigenstates of the total Hamiltonian operator [7] I = n n n
to obtain
where
n is the n th energy eigenvalue of the Hamiltonian operator. Since the constraint is identically satisfied when it annihilates the quantum wavefunctional, it is the the zero energy eigenstate E 0 = 0 which survives in the limit t → i∞ in (23) . We prefer to think of E 0 as the minimum attainable energy E 0 = 0, which corresponds to the exact cancellation of the gravitational energy against the matter energy. Ref [7] has demonstrated, in a few cases under the judicious boundary conditions and operator-ordering prescriptions, reasonable agreement between the path integral and canonical approaches to finding wavefunctions for quantum gravity in minisuperspace models. But for the full theory of quantized Einstein gravity+possible further matter fields, the Hartle-Hawking functional integral has not to the present author's knowledge been shown to converge. We interpret this effect as another manifestation of the nonfiniteness and perturbative nonrenormalizability of metric gravity as a quantum field theory. The 'finiteness' of a theory, in our interpretation, refers not to the norm of a quantum state, but to the state itself. However, including complex metrics in the sum over histories prescription seems to be the only way to assure convergence of the path integral [23] , [24] . In any event, the formal solution to the path integral (20) can be written when path integrating over the Lagrange multipliers N and N i using the phase space description, in the form
It appears nontrivial to proceed beyond (24) in 3+1 dimensions. Path integrals for quantum gravity have been evaluated for pure gravity in 2 + 1 dimensions in [25] and in [26] which consider topology changing amplitudes, which have roughly the same form as (24) . Upon inserting a gauge condition χ µ = 0 to choose a time slicing, along with the appropriate Faddeev-Poppov
, where H µ represent the Hamiltonian and two diffeomorphism constraints, he obtains a reduced phase space action with one remaining path integral over a time coordinate T . Nonetheless, (24) is a statement that the state must be consistent with the Hamiltonian and diffeomorphism constraints at each point x and time t in 3+1 dimensions, which the canonical approach requires. However, recall that the canonical approach involves quantum operator equations, but the path integral involves just c-numbers. Therefore the version of the constraints imposed by the delta functionals in (24) would be the classical version. So the question arises as to how the path integral 'knows' to produce the canonically determined quantum state, given that the path integral recognizes only c-numbers. Arguments by various authors attribute this compensation to the ill-definedness of the path integration measure. But note that for states for which the classical condition H = 0 is exactly equivalent to the quantum conditionĤ = 0, there is no question of ambiguity in the path integration measure or of ordering ambiguities. Such states, by the concepts introduced in [1] , can be said to satisfy the semiclassical-quantum correspondence (SQC). It appears nontrivial to find states satisfying this correspondence in the metric representation. However, as we have presented in [1] , [2] , this can be in principle be accomplished in Ashtekar variables in the full theory coupled to matter fields.
Another benefit of the existence of such states satisfying the SQC, as indicated in the introduction, is that it enables one to make theoretical predictions and observational measurements of quantum gravity by making the corresponding predictions and measurements in the semiclassical limit, which may obviate the need to access the Planck scale to carry out these measurements [2] .
5 Path integration in Ashtekar variables by analogy to gauge theories
Analogies to topological field theory
Attempts have been made by various authors to attempt the path integral in Ashtekar variables based upon its close resemblance to toplogical field theory. The application of topological field theory to physics and quantum field theory was pioneered by Schwarz in the 1950's (see [27] and references therein). Topological field theories have been shown to be renormalizable and finite via various approaches to path integration including gauge fixing and invariant integration. This is based largely upon the observation that the reduced phase space of topological field theories are finite dimensional.
A usual topological field theory in four dimensions might appear in the form
where F = dA + A ∧ A is a curvature 2-form for the gauge connection A and B is a 2-form auxilliary field. The path integral (25) can be performed over the auxilliary field to implement the zero-curvature condition on the connection, which restricts the connection to be flat
Equation (26) is a statement that the connection A is flat, which means that it is pure gauge (A = Dθ for θ ∈ H 0 ). Hence the path integral picks out configurations that reside in the first cohomolgy H 1 , which is finite dimensional and thus gaurantees finiteness of the path integral. The similarity of general relativity to topological field theory has been exploited by various authors. In [28] , an attempt was made to quantize topological 2-form gravity in four dimensions from a starting action
In (27) R = dω + ω ∧ ω is the curvature 2-form for an SU (2) connection ω, and Σ is a two-form analogous to B in (25) . Ψ ae is a symmetric trace-free auxilliary field designed to implement the equivalence of the starting action (27) to general relativity by way of the triads e. 1 It was attempted in [28] to quantize (27) , using various gauges, under conditions most resembling topological field theory by dropping the last term involving Ψ ae . 2 The main result was that the renormalizability properties of the theory depended upon the choice of gauge. The theory was shown to be nonrenormalizable in the covariant gauges, but renormalizable in the Landau gauge although in the latter case, the SU (2) symmetry was broken by quantization. On the other hand, it is argued in [29] that four dimensional quantum gravity may be renormalizable if one relaxes the condition of metricity of the theory, renormalizable in the sense that the renormalization group flow becomes more tractable in spite of an infinite number of undetermined couplings for the necessary counterterms. Incidentally, the auxilliary field required to enforce metricity is precisely that responsible for breaking the larger symmetry of topological field theory, thus reducing it down to Einstein's gravity [30] .
In [31] a group of authors quantized an abelian version of four-dimensional gravity by path integration. By slight modification of the constraints and by application of the Faddeev-Poppov gauge-fixing procedure, to abelian BF theory, they were able to simplfy the path integral into a final form
where A µ is an abelian connection, though there is no final expression provided for the result of (28) . In [32] Lee Smolin evaluates the path integral in the G → 0 limit of quantum gravity, which is not the same thing as abelianized gravity. A common feature of these attempts at path integration in that they implement the metricity condition on a variable Φ −1 ij which serves as the analogue of the CDJ matrix Ψ ae .
Other efforts in Ashtekar variables
Other authors have evaluated the path integral for pure gravity in Ashtekar variables in minisuperspace. In [33] Lee Smolin and Seth Major compute the momentum part of a phase space path integral for Bianchi IX cosmology using a special time gauge and the appropriate contours necessary to enforce reality conditions on the Ashtekar variables. The remaining configuration space path integral, though not evaluated, enabled one to extract some of the dynamics of the semiclassical limit from the form of the potential. A different set of authors were able to compute the effective action for a simplified topology with spatial section isomorphic to S 3 , though they performed a reduced phase space quantization first [34] .
In [35] and [36] the path integrals in the full theory are analyzed and transformed between different sets of coordinates and momenta, however the final form of the path integral is not evaluated. Another effeort to evaluate the path integral was performed in [37] . Though the integral over the Ψ ab auxilliary field was performed, the remaining integration over the effective action of the remaining variables appeared untractable to perform. The conclusion was that the effective action in the case of a vanishing cosmological constant was highly non-polynomial, in contrast to the classical two-form formulation of Capovilla et. al. 3 In this paper we propose a method to evaluate the path integral for gravity in Ashtekar variables exactly in closed form for the gravity coupled to matter fields in the full theory, for a large class of models, with regard for the observations in [38] . The concept is that there are special states, generalized Kodama states Ψ GKod , which arise as a boundary term on the final spatial hypersurface Σ T upon implementation of the canonical quantization procedure, which requires the degrees of freedom in the CDJ matrix Ψ ae to be exhausted upon solution to the quantum constraints. 4 We will show this by explicit construction of the path integral representation from the boundary term in the present work. With regard to topological two-form theory, let us show a direct route to the Chern-Simons functional via path integral to illustrate the point. Starting from the path integral 5
Path integration over the auxilliary field B implements its equations of motion B = −F , leading to
In (30) we have made use of Stoke's theorem in the conversion of the instanton F ∧ F term directly into a boundary term [41] , whereupon the exponential can be factored out of the path integration DA throughout the interior of spacetime M . 6 In the case that A is the antiself-dual Ashtekar connection, we then have that Z topo = Ψ Kod [A] which is the pure Kodama state. The argument for renormalizability stems from the realization that since B and A are independent fields, the path integration in the reverse sequence, whose convergence is not manifestly apparent, should provide the same result. Hence we argue, without gauge fixing or the necessity to impose reality conditions, a direct nonperturbative link from the path integral representations of quantum gravity to a boundary term, an important functional as regards the wavefunction of the universe.
A new approach to path integration in Ashtekar variables
Certain quantum states of gravity in Ashtekar variables arising from the solution to the quantum constraints have been argued in [1] to be finite in the canonical approach of the full theory. According to [4] there are five conditions which must be satisfied in order for the wave functions constructed from the path integral to satisfy the quantum constraints. Of these five conditions, three have to do with gauge-fixing. However, we do not perform any gauge fixing in the canonical procedure and the remaining two conditions are essentially (i) that the constraints are the canonical representation of all symmetries existing at the Lagrangian level, and (ii) that the class of paths summed over is invariant. (i) is satisfied as well as a result of the canonical quantization procedure and (ii) is satisfied as well since we take will all integration ranges of path integration from −∞ to ∞ in order to implement the constraints via delta functionals. Therefore the premise, which we shall prove in this paper, is that the canonical and path integration approaches must by [4] be equivalent for general relativity in Ashtekar variables. It then follows that the path integral of the Ashtekar action for pure gravity with Λ term must not only be finite, but it must converge precisely to Ψ Kod . It is finite because Ψ Kod is finite, in the nonperturbative sense. Our hypothesis is that this property directly extends from the pure Kodama states to the generalized Kodama states Ψ GKod . In [2] we illustrate a method to construct the generalized Kodama state Ψ GKod in terms of an expansion about the pure Kodama state Ψ Kod . We extend the above line of reasoning to the generalized Kodama states. Hence, if it is possible to construct a finite Ψ GKod by the canonical approach when matter is present in addition to gravity, finite in the sense of being devoid of ultraviolet singularities, then it must also be that the path integral version of Ψ GKod must also be finite and must converge to the same value of Ψ GKod . Since the ability to construct the state stems from the SQC as shown in [1] , then the finiteness is also stems from the SQC. If the action of the Ashtekar-Wheeler-DeWitt operator on the state Ψ is such that
then this semiclassical-quantum correspondence translates into the condition that q n = 0 ∀n ≥ 0; q n arbitrary ∀n < 0.
The claim is that (31) and (32) largely address the issues and concerns of [39] and form a basis for finite states of quantum gravity. In (31) q 0 is the semi-classical term, and q 1 , q 2 , ... are quantum gravitational terms. Conversely, if the path integrated result corresponding to Ashtekar's gravity coupled to matter converges, then it must be that the canonically determined state Ψ GKod must also be finite to all orders. We will now define an analogue of the no-boundary proposal for determining quantum gravitational wavefunctions in Ashtekar variables.
Wavefunction of the universe in Ashtekar variables for the pure Kodama state
Let us first derive the relationship between the Kodama states and the wavefunction of the universe from the perspective of reduced phase space quantization. Let Σ 0 denote a spatial 3-surface at some initial time t = t 0 in the existence of the universe and Σ T denote the spatial 3-surface at time t = T , the present. Let Σ t denote the 3-surface at some intermediate time t 0 ≤ t ≤ T and let Ψ denote the quantum state of the universe at any of these times. The quantum state of the universe can be expanded in an orthogonal basis of the quantum fields that determine its evolution. Let us take pure gravity with Λ term in Ashtekar variables, for simplicity. The basis state at time t is given by A a i (x, t) , where A a i is the Ashtekar connection. Expanding the quantum state in a set of basis states defined on the spatial hypersurface Σ t at time t, we have
We have maintained all labels explicit in (33) to establish the convention, but we will occasionally omit them to avoid cluttering up the derivation. From (33) one can read off the definition of the final wavefunction at time T via the identification
Let (34) represent the present state of the universe. Then to obtain some insight on the evolution from its initial state, one inserts a complete set of states into (34) as defined on the initial hypersurface Σ 0 . Thus
we have suppressed the dependence upon the spatial variables in (35) , but from our notation it should be clear. The evaluation of the wave function of the universe at the present time requires one to compute the transition amplitude
where in (36),Ĥ is the quantum Hamiltonian operator. Inserting a complete set of eigenstates of energy via (22), we have
Since we are dealing in (37) with quantum states, then we must use the operator form of the Hamiltonian operator, which can be written aŝ
Since the quantized Ashtekar Hamiltonian (38), omitting any boundary terms, is a linear combination of quantized constraints its energy eigenvalue must vanish on the state. The only mode basis state that survives in (37) is the n = 0 state. For any other state, e.g. a state not satisfying the semiclassical-quantum correspondence in the full theory, the path integral diverges either diverges or vanishes. This can be seen by substituting the Hamiltonian contribution to the eigenvalue
subject to the appropriate commutators, as in the Baker-Campbell-Hausdorff formula, into the exponential in (36), (37) . Hence this leads to the condition that
which is related to the ground state of the universe. But the transition amplitude (36) also has a path integral representation, given by
where the Ashtekar action is given, in the phase space representation, by
In (42) we have taken advantage of a compressed notation for the constraints and corresponding Lagrange multipliers.
encodes all of the Lagrange multipliers into one seven-dimensional column vector, and for the constraints, we have
The path integration measure is given by
where the measure associated with the Lagrange multipliers is given by
Since we are dealing with the path integral version of the amplitude, the constraints are classical c-numbers and not quantum operators. Therefore we can separate the path integral into the following form
We now perform the path integration over the Lagrange multipliers in (45) . Note that the range of integration must be from −∞ < θ I < ∞ ∀I in order to obtain delta functions. This implies that the lapse density N (x) must be on an equal footing with the shift vector N i (x) and the SU (2) rotation angle θ a (x). The replacement N ↔ ±iN must be made as necessary to do so, which implies that the signature of the spacetime metric
should be Euclidean. This is why we have named this section the analogue of the no boundary proposal. It is because, exactly as in the metric variables, one must evaluate the equivalent of a Euclidean path integral. Once this is performed, the path integral (45) results in the replacement
The delta functions in (46) correspond to the imposition of the constraints at the classical level at all points x in Σ at all times. 7 For the Gauss' law and diffeomorphism constraints there is no difference between the classical and the quantum imposition of the constraints, due to the SQC, and therefore the path integral by definition produces the same result that would stem from solving the constraints exactly by the canonical method. This is equivalent to the statement that Dirac quantization and reduced phase quantization are equivalent for for these constraints [39] , or that all operator orderings for these constraints are equivalent in order for the theory to be consistent [40] . However, for the Hamiltonian constraint the quantized and the classical constraints can not be equivalent unless they are both identically zero. The classical Hamiltonian constraint is given by
which can be satisfied nontrivially by the self-duality condition
(48) is a semiclassical condition, which is linear in conjugate momenta, and which the path integral would select. It turns out that there is a preferred operator ordering for which the canonically quantized Hamiltonian constraint produces the same result, namelŷ
The effect of (49) is to reduce a condition cubic in momenta to a condition linear in momenta, which identically matches the semiclassically determined self-duality condition (48). The semiclassical-quantum correspondence is identically satisfied for this operator ordering, and we can therefore make the replacement
The self-duality condition (48) simultaneously satisfies all of the constraints Φ I , therefore the delta function in (50). We have not included any Jacobian factor due to tranformation of the constraint from the Hamiltonian to the self-duality condition, since it is required that the SQC be identically satisfied.
The path integration over D σ i a in (50) implements the substitution of the self-duality condition directly into the remainder of the path integral, since it is a condition linear in σ i a . Thus
Equation (51) is the equivalent of the starting action in Ashtekar variables as evaluated on the reduced phase space, as shown in section 2 of [1] . The result is that one obtains a boundary term immune to the path integration within the interior of the spacetime region M , given by
where V ol A is the volume of the functional space of connection configurations, a formally infinite numerical constant. This numerical constant can be absorbed into the definition of the state. Hence, we have explicitly shown how the canonically determined wavefunction, (52), a finite state, can be derived directly from the path integral. One could then attempt to establish finiteness of the metric representation by inverting the canonical transformation discovered by Ashtekar into these variables. 8 The question arises as to how the path integral 'knows' to select the self-duality condition out of a two-parameter family of solutions to the constraints at the classical level. We will address this question in the section regarding the issue of time.
Relation to the wavefunction of the universe vis-a-vis the generalized Kodama states
To provide further support for the hypothesis of the existence of generalized Kodama states Ψ GKod as shown in [1] , we relate this work to another independent method for constructing quantum gravitational wavefunctions, namely the analogue of the no boundary proposal for the wavefunction of the universe [7] , as applied to Ashtekar variables coupled to matter fields. To the present author's knowledge, the no boundary proposal has not as yet been shown to provide a finite wavefunction for the full theory in metric variables beyond the semiclassical approximation. However, we have provided a hypothesis for the existence of a finite canonically determined wavefunction Ψ GKod . If one makes use of the arguments in [4] , [7] regarding the formal equivalence of the canonical and path integration methods of quantization, as well as the analogous arguments for minisuperspace in [42] as applied to the full theory, then one could by existence of Ψ GKod establish finiteness and convergence of the path integral description of quantum gravity in Ashtekar variables coupled to matter fields. 9 First, let us restate the result derived in [1] for the conditions which must be satisfied by the CDJ matrix elements Ψ ae , upon solution to the quantum constraints subject to the SQC. 10 In the case of gravity coupled to the Klein-Gordon field these appear in the general form
Note that we have included the mixed partials condition, a condition derived in [1] which can be viewed as an additional constraint required by consistency of the quantization procedure. Let us assume that one can construct a solution to (53) for the CDJ matrix elements Ψ ae and matter momenta π α as functions of the configuration variables. It will be convenient to make the change of variables δX ae = B i e δA a i . The next step is then to evaluate the starting action (15) on the reduced phase space constituting the solution to the quantum constraints (53). Before we proceed, take note of the factor of i multiplying the lapse density in (15) as compared with the shift vector and SU (2) rotation angle. 11 By the arguments presented in [1] , one can obtain a wavefunction defined on the final spatial hypersurface Σ T of spacetime by exponentiating the starting action evaluated on the reduced phase space (54) where we have usedẊ ae = B i eȦ a i , an abbreviated the system (53) by C ae = 0. The next step is then to show how the reduced phase space wavefunction (54), which solves the canonical constraints (53), can be derived from its path integral representation.
First, we outline the representation of the wavefunction in a polarization given by the configuration variables
for some appropriately chosen weighting functional W = W [A a i , φ]. 12 Any state Ψ can now be expressed in this basis by projecting it onto the complete set of states (55) defined on a particular spatial hypersurface Σ t corresponding to time t
Starting from the wavefunctional as determined by constraints, we will take the CDJ matrix and matter momenta 'off-shell' and place them back 'on-shell' via functional delta functions that impose the solution to the constraints as well as the mixed partials condition. The idea is to start from a history independent, velocity independent wavefunction and manipulate it into its path integral representation which appears, naively, velocity and history dependent.
where we have defined the naive path integration measure
such as to implement the delta functionals, and also have substituted the mixed partials condition in for the matter momentum π α in (57). There are a few things to note regarding (57): (i) Ψ ae and π α are now unrestricted free variables. In going from the left hand side to the right hand side we have removed the condition that these variables satisfy the constraints and reinserted these conditions within the delta functions.
(ii) The wavefunction has acquired the label f , the semiclassical matter momentum in the absence of gravity, arising as 'constant' of integration in the integrated form of the mixed partials condition. We now convert the integral (57) into something more closely resembling general relativity. It will be helpful to refer to the appendix for the major steps that follow, in analogy to a simple finite dimensional example. First, we must note that that Ψ GKod (T ) is manifestly independent of any time t 0 = T and also of any velocities by construction. Also, one can multiply Ψ(T ) by 1 in the form of (V ol Γ ) −1 Dµ(A, φ), where V ol Γ = V ol A V ol φ is the volume over the functional space of configuration space gravitational A a i and matter φ α fields living in M , 13 given (where W is the weighting functional as in (55)) by
These volumes are formally infinite numerical constants just as in the case of the pure Kodama state Ψ Kod , but should cancel out in any relative probabilities and in expectation values.
Using the symmetry between the variables Ψ ae and ǫ ae under the delta function, we perform a change of variables to the constraint surface as in
and a change of variables in the measure
Equation (61) is correct to within a phase factor of −1, due to the relative minus sign between Ψ ae and ǫ ae . So the integral (57) now becomes
where in (62) we have made the definition M f ( π(x)) to denote the implementation of the mixed partials condition via
The nine equations resulting from the constraints C ab = 0 can now be imposed by delta functionals using nine Lagrange multipliers λ ab . Hence
where H i and G a are the kinematic constraints for gravity+matter, and q 1 and q 2 are the coefficients of the singularities for the quantum Hamiltonian constraint with q 0 being the semiclassical term. We also have made the identification
However, at the level of the Lagrangian only seven of the quantum constraints can be imposed, namely the constraints that are the same classically and quantum-mechanically. This is because the Lagrangian recognizes only c-numbers and not quantum operators. Since the kinematic constraints are linear in momenta, they meet this criterion (attributable as well to the SQC). Hence these particular constraints can be imposed via their corresponding Lagrange multipliers at the level of the classical Lagrangian and exponentiated back into the action. We accomplish this via the projection operator approach to constrained systems [43] 
As for the Hamiltonian constraint, only the q 0 = 0 part can be implemented at the level of the classical Lagrangian since it is the semiclassical term, hence it should as well be exponentiated back into the action via
leaving just q 1 and q 2 . Note that the range of integration must be from −∞ < N < ∞ in order to obtain delta functions. This implies that the spacetime M must acquire a Euclidean signature, since the replacement N ↔ ±iN results in a spacetime metric 14
This is corroborated by the additional factor of i in (62) relative to (15), explicitly contained in N. 15 Hence seven of the nine Lagrange multipliers λ ab can be associated to the lapse density, shift and SU (2) rotation angles (N , N i , θ a ) and the remaining 14 Notwithstanding that the spatial metric in Ashtekar variables is a derived quantity, unlike in the metric description of gravity, and that the connection A a i is fundamental. This observation implies that the path integration over this 3-dimensional connection connection is the analogue in Ashtekar variables of integration over 3-metrics in the HartleHawking proposal, the remaining (gauge) degrees of freedom of which are encapsulated in the lapse and shift (N, N i ) in the former, and the lapse density, shift and SU (2)− rotation angle (N , N i , A a 0 ) in the latter, which signify the respective 4-dimensional versions. 15 Which is why this section can be seen as the analogue in Ashtekar variables of the noboundary proposal in metric variables.
two await physical intepretation. One note regarding (67) is that the signature of spacetime must be appropriately fixed as necessary to implement the Hamiltonian constraint by delta function 16 . Continuing on from (62), we have
Equation (68) is beginning to resemble more the phase space path integral for general relativity. Again, we remind the reader that the left hand side is manifestly history and velocity independent, therefore so must it be for the right hand side. The phase space path integral for general relativity in Ashtekar variables would be given, by the conventional interpretation, by
The left hand side of (69) is the transition amplitude from the initial spatial hypersurface Σ 0 to the final spatial hypersurface Σ T , and is the analogue of the Hartle-Hawking no-boundary proposal [7] in Ashtekar variables. The right hand side is a phase space path integral over the interior of M with C A corresponding to the classical constraints C A ∼ (H, H i , G a ) with corresponding Lagrange multipliers θ A ∼ (N , N i , θ a ). Note that, as is its metric counterpart, the wavefunction of the universe Ψ(T ), is labeled by the final time T is independent of any initial time t 0 by our starting assumption. Also, the spacetime necessary to implement the path integration procedure outlined must be of Euclidean signature. In a conventional path integral for a gauge invariant theory one fixes a gauge in order to avoid any infinities due to integrating over redundant configurations. So one picks a set of subsidiary condition (ξ A in equation (69) such that the gauge orbits are intersected only once.
In general relativity the gauge group is SU (2) − ⊗ Dif f M , which corresponds to seven symmetry generators. Therefore there would by this approach be seven subsidiary conditions ξ A necessary to fix the gauge invariance. In order to make the connection between (68) and (69), one need only exploit the freedom to define the weighting function W (A, φ) in (55). One could then make the identifications
Note that the canonically determined Ψ GKod and the wave function of the universe would now be equivalent to within velocity-independent factors. By choosing the measure weighting function W determining the normalization of the basis states |A, φ to match the left hand to the right hand sides of (69), the equivalence can in a certain sense be enforced.
On the left hand side of (70) there are N + 2 delta functions per point, N being the number of components of momentum of the matter fields π α , and on the right hand side there are seven delta functions. Ideally, if N = 5, then there is a pefect match with no adjustment of the weighting function necessary. For N = 5, one must choose the subsidiary conditions ξ A appropriately to implement a useful physical condition and adjust W accordingly. The adjustment of W determines the physical input from quantized general relativity on the norm of the basis states |A, φ . We will save such considerations for future work when we consider different matter models. But note that on a naive level, one may envision choosing the subsidiary conditions such as to match up as many of the delta functions as possible. The following relationship results per point x
If one labels the mixed partials conditions by q k for k = 3, 4, ...N + 2 and picks the subsidiary conditions in the path integral to be transformable to the maximal extent into q l for all l, then one can write
where θ(t) is the Heaviside step function, given by θ(t) = 1 for t > 0, and θ(t) = 0 for t < 0.
A brief survey of the issue of time in quantum gravity
In this paper we have utilized the equivalence of the canonical to path integral approaches to quantization in order to argue finiteness of the pure and generalized Kodama states in the path integral representation. We have taken advantage of the self-duality and generalized self-duality relations in each case as a solution to the quantum constraints, the CDJ Ansatz. Given that the path integral selects the state satisfying the classical version of the constraints of relativity, the question might arise as to how one can be sure that it picks out the subset of those states solving the quantum version of the constraints independently of input from the canonically determined wavefunction Ψ(T ). The answer lies in the transition amplitude representation of the path integral. Let us say that we repeat the foregoing analysis and pause at (36)
In the Hartle Hawking prescription in metric variables (23) one Wick rotates to imaginary time t → it = τ after inserting a complete set of mode basis states n in order to convert the path integral on the right hand side into a Euclidean path integral. Thus one obtains
Then, by sending τ → ∞, which means that the initial state of the universe could only have occured in the infinite past-effectively, that there was no initial state or beginning to the universe, one projects onto the ground state. There are two main difficulties with this approach: (i) The conversion of the path integral on the right hand side of (23) from a Lorentzian into a Euclidean path integral was designed to cause the path integral to allow for a semiclassical expansion [7] . However, convergence of the Euclidean path integral in metric quantum gravity in the full superspace theory has not to date to the present author's knowledge been demonstrated. Projection onto a complete basis of mode states is the usual method for determining a ground state in usual quantum field theories such as YangMills, etc., since one is forced to send τ → ∞ in order for the path Euclidean path integral, which does in fact converge for these renormalizable quantum field theories, to converge to the ground state. However, general relativity is of a total different character to these theories. It is a first-class constrained system for which the Hamiltonian, assuming there are no boundary term, vanishes. But let us say that there is a boundary term, which would give the system an asymptotically non-zero energy. Such a term would affix to (74) a contribution of the form
where K ij is the extrinsic curvature to the three surface Σ. Then not only does the basis n chosen not make use of the structure of the constraints, but also one is restricted to t 0 = −i∞ in order to select the state of energy zero. Thus, one cannot have an asymptotic energy contribution due to (75) unless the boundary ∂M is purely spatial. Any timelike component in ∂M would result in this term blowing up at t 0 = −i∞, causing the wavefunction either to vanish or to blow up. In order to circumvent these restrictions, one should be able to select the ground state, the state of minimum energy of the gravity+matter system, without losing a large part of the structure of general relativity. Let us choose a different basis of states to the mode basis. This is because, since the Hamiltonian due to the constraints is already vanishing, there is no advantage in including any state other than 0 in the projection, which would be incomplete. Let us expand in a basis of states of the form A ψ = e I[A] , whose compatibility with the constraints we wish to test. This is the two-parameter family of solutions to the constraints at the classical level ψ ≡ ψ(X, Y ) where X and Y are arbitrary functionals of the configuration space variables (A a i , φ α ). Since the path integral which involves c-numbers vice operators, can only select the solution to the Hamiltonian constraint at the classical level, then one naively might expect such a two parameter family of states to emerge.
Then we have from (73)
Let us now evaluate the action of the HamiltonianĤ on these states. If the states do not satisfy the semiclassical-quantum correspondence, then there will still be a two-parameter ambiguity in the states labeled by X and Y , and the quantum Hamiltonian will be infinite due to noncancellation of the singular terms as in [1] 
which would make the transition amplitude (73) ill-defined. Note that q 0 is the semiclassical part of the Hamiltonian constraint eigenvalue, and q 1 and q 2 are the coefficients first order and second order in singularity. Let τ = T − t 0 . Then the time evolution operator becomes
We have set the semiclassical term to zero to signify that the constraints are satisfied at the classical level, but not the quantum level. 17 One can see from (79) that there is no need to send τ → −i∞ in order to select the ground state. The singular quantum terms provide that discriminating mechanism. Make the replacement τ → τ − iǫ, where ǫ is a small number which we will eventually set to zero. If ψ is a wavefunction satisfying the only the classical and not the quantum version of the constraints (e.g. q 0 = 0, q 1 = 0, q 2 = 0), then the final wavefunction of the universe is either zero or infinity. Take q 2 > 0 to illustrate the basic idea.
A zero state corresponds to a universe which does not exist and an infinite state corresponds to a divergent path integral, or nonrenormalizable theory. In either case, the semiclassical-quantum correspondence has been broken. However, if q 0 = q 1 = q 2 = 0, then the unique ground state from the twoparameter family is the one that does not produce any pathologies (namely Ψ Kod or Ψ GKod as the case may be), and this is consistent with the path integral for all times τ . Therefore, the generalized Kodama states Ψ GKod in our intepretation address the problem of time in quantum gravity. Even though the energy is zero the transition amplitude defining the wavefunction of the universe has evolved, not from nothingness, but from a well-defined initial state at time t 0 to a well-defined final state at time T . Also furthermore, the boundary term (75) is still well-defined for all possible boundaries ∂ M without blowing up due to infinite time.
Generalized Kodama states as the wavefunction of the universe: Revisited
Additionally, this is the mechanism by which the path integral 'knows' to choose the self-duality condition as raised in the last part of section 6.2., namely by the (externally imposed) requirement to produce a finite state.
For completness, we now show a direct route to Ψ GKod via path integral in complement to section 6.2. Starting from the phase space path integral for gravity coupled to matter fields, leaving off the indices for simplicity 
where C I (A, φ) are the constraints including the mixed partials condition. Given that the path integral must implement the quantum version of the constraints in order to produce a finite state, the path integral over Dθ imposes these at the quantum level I = DADφD σDπ 
The path integral can then be rewritten in the following form I = DΦDΠ 
where we have grouped the gravity and matter variables into one unified field Φ I (x) ∼ (− i G A a i (x), φ α (x)) with conjugate momentum Π I (x) ∼ ( σ i a (x), π α (x)). Viewed as a dimensionally extended system, upon implementation of the delta functional by path integration over Π I , the integrand in the exponent converts into a boundary term λ, in direct analogy to the arguments from geometric quantization introduced in [1] . The path integral then becomes
where ∆ is the integral over configuration space of the determinant, evaluated on the solution of the constraints, which is an infinite numerical constant. The conclusion is that the path integration measure can be defined such that the mixed partials condition gets built in to the constraints such that the determinant cancels, which is transparent to the naive classical level of the starting action. This provides a necessary and sufficient condition for 'convergence' of the path integral. Note that Ψ GKod has been produced independently of any gauge fixing or reality conditions, in direct analogy to Ψ Kod , which can be considered a nonperturbative result.
Discussion
In this paper we have demonstrated equivalence between the canonical and path integral approaches to quantization for the generalized Kodama states by explicitly transforming the state between the two representations. The implication of this is that the path integral representation in Ashtekar variables can be implied to converge. If one adopts the view that the path integral produces the effective action for quantum gravity, then it follows that one can explicitly write this effective action to any order desired via the method introduced in [2] for a large class of models. Additionally, if one associates the renormalizability of a quantum theory to the well-definedness of its path integral representation, then one could infer the perturbative renormalizability of general relativity provided that the canonically determined state can be explicitly constructed and shown to be finite. By considering the transition amplitude representation of the path integral, one may associate the existence of generalized Kodama states to a special situation in which the problem of time can possibly be resolved. It is precisely the ability to 'evolve' in time from an initial spatial hypersurface Σ 0 to a final spatial hypersurface Σ T which provides the discriminating mechanism in this representation to select the generalized Kodama state Ψ GKod out of a two parameter family of semiclassical solutions to the constraints. This evolution occurs by holographic effect, as argued in [1] regarding geometric quantization, which implies that the state Ψ GKod functions as its own clock. Two main directions of research from the present paper will be to address normalizability of the generalized Kodama states, as well as a perturbative treatment of the path integral in order to illustrate the representation of the state in terms of Feynman-like network diagrams.
9 Appendix: Explanation of the manipulation of Dirac delta functions
The steps performed in section on path integration for the generalized Kodama statesare directly analogous to the finite dimensional case. Take the number 1 'off-shell' via the identity 1 = dǫδ(ǫ − a).
The quantity a can be though of as a root of the polynomial equation ǫ−a = 0, a first degree polynomial. This requires the introduction of a new variable ǫ to implement the formula. Now perform a transformation of the delta function to a more complicated polynomial C(ǫ). The following identity pertains
So (85) can be rewritten in as
Now take the condition C = 0 'off-shell' by the introduction of a new variable λ, using the delta function identity 1 = dǫδ(ǫ − a) = dǫδ(C(ǫ)) ∂C ∂ǫ C=0 = dǫ dλe iλ(C(ǫ)) ∂C ∂ǫ C=0 .
The end result is that the number 1 has been transformed into a more complicated form, which requires the introduction of two variables λ and ǫ.
In the language of physics these variables would correspond to 'unphysical' degrees of freedom. Applied to an arbitrary function g, one obtains the following identity g(a) = dǫ dλe iλ(C(ǫ)) g(ǫ) ∂C ∂ǫ C=0 (89)
